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Some Hex-derived Networks of Type Three 
and Their Subdivision Networks 


Shikha RAtr! and Shibsankar Das? 2 


Abstract 


Several degree-based topological indices have a vital role in the 
inspection of the chemical properties of various chemical networks. 
Hex-derived networks, made up of hexagonal mesh networks, have wide 
applications in the fields of technology, pharmacy and physical sciences. 
In this research work, we focus on different hex-derived networks of 
the third type of dimension n and their subdivisions. The Nirmala 
indices (such as the Nirmala index, the first inverse Nirmala index and 
the second inverse Nirmala index) are newly introduced degree-based 
topological indices. Here, we compute the values of these Nirmala 
indices for the above networks under consideration by operating their 
standard mathematical formulas and the M-polynomial based method. 
In addition, we plot the Nirmala indices of the networks and their 
subdivisions in different dimensions for the purpose of comparative 
studies among them. The results acquired are helpful in demonstrating 
the structural properties of considered hex-derived networks and their 
subdivisions. Also, it may influence the researchers for comparative 
based studies of the structure and their subdivisions in the sense of the 
Nirmala indices. 
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1 Introduction 


Chemical graph theory (CGT) connects discrete mathematics and chemical 
structure. A graph G is identified as the ordered pair (V(G), E(G)) formed 
by the vertex set V(G) and edge set E(G). The degree of a vertex v in 
a graph G is the number of edges that are connected to v and is denoted 
by d(v) [28]. In the analysis of essential chemistry concepts, mathematical 
models are crucial. An important element of this model is the topological 
index. The topological index is a mapping from the entire collection of graphs 
to the set of real numbers that produce the identical value for isomorphic 
graphs. It is possible to correlate the structure with various physico-chemical 
properties, biological activities and chemical reactivity using these numerical 
quantities that correspond to a graph [1,32]. 

Early in 2021, V. R. Kulli proposed the Nirmala index [21] of a graph G 
and represented it as 


N(G= > d(v,) + d(ve). 
v1v2€ E(G) 


Furthermore, Kulli et al. [22] developed the first and second inverse 
Nirmala index of a graph in 2021 and these are described as follows. 


i 

1 1 |? 

IN,(G) = ate aes | | 
sate ae d(v1) d(v2) 


eel 

1 1 : 

IN2(G) = (fe + tal 
ate [ae He _ d(v1) d(v2) 


Usually, we calculate the topological indices by their formal defini- 
tions. Alternatively, we can employ a closed generic approach correlated to 
polynomials to evaluate the various classes of topological indices. Several 
polynomials have been proposed in past literature, some of which are the 
Hosoya polynomial [17], the M-polynomial [15], the NM-polynomial [25], 
the matching polynomial [16], etc. In 2015, Deutsch and Klavzar proposed 
the idea of the M-polynomial [15] to calculate the degree-based topological 
indices by using a single polynomial approach. In the literature, there are 
several papers [3,4, 11-13, 18-20, 23, 26] in which the M-polynomial of different 
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structures have been calculated. We have determined the M-polynomial 
formulation of the Nirmala indices in [11] and also verified their correctness 
by calculating their values for some standard dendrimers. 

The algebraic expression of the M-polynomial of a graph Gis M(G; x, y) = 
Kix j<a Mi,j x'y), where 6 = min{d(v)|v € V(G)}, A = max{d(v)|v € 
V(G)} and m,, is the number of edges vjv2 € E(G) such that d(v1) = 3, 
d(v2) = 9 (t,7 > 1). In [14], it is described that we can express any degree- 
based topological indices for a graph Gas I(G) = Va w.en(a) f(d(v1), d(v2)) = 
Vi<; Mj f(t, J), where f(d(v1), d(v2)) is the function of d(v1) and d(v2) and 
for the Nirmala indices it is listed in Table 1. 


Table 1: Derivation formulas of Nirmala indices from M-polynomial of a 
graph G. 


Sl. No. | Topological Index Notation | f(a, y) Derivation from M(G; x, y) 
1. | Nirmala Index MG) | Ve¥y D4? JIM(G;2,y)le=1 
2. First Inverse Nirmala Index IN\(G) Jiti Di? 784/".61/? M(G; X,Y)|e=1 
3. Second Inverse Nirmala Index IN3(G) 1 st? TDL? DI? MG; X,Y)|e=1 
Jitt 
Where, Dx(f(z,y)) = Vo2Lew) . Fey), Dy? (f(x,y) = fyED . VieD, 


sr? (F(a,y)) = ie Seat Vien), Sy (f@.y)) = Vy 2a Vie), If ey) = f(@,2). 


This table also lists the derivation formulas of the Nirmala indices from 
the M-polynomial of a graph G [11]. 


2 Different Hex-derived Networks and Their 
Subdivisions 


In 1990, Chen et al. [2] developed a processor’s addressing method as well as 
associated broadcasting and routing algorithms for interconnected hexagonal 
networks. Planar graphs are used to model hexagonal networks. Triangular 
plane tessellation, or the division of a plane into equilateral triangles, is 
the basis of these networks. The honeycomb networks and mesh networks 
are the closest networks in which the honeycomb networks are built on 
regular hexagons, whereas mesh networks are based on a regular square 
partition. They are used in wireless and connectivity networks, computer 
graphics and in image processing to design benzenoid hydrocarbons in chem- 
istry [27]. In 2008, the hexagonal network has been used to create two 
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types of hex-derived networks, they are the hex-derived network of type 
one of dimension n (HDN1[n]) and the hex-derived network of type two 
of dimension n (HDN2{n]) [24]. Aside from that, new chemical networks, 
named the third type of hex-derived networks [31], have been constructed 
by Raj and George in 2017. They are the hex-derived network of third type 
of dimension n (represented as HDN3|n], see Figure 1(a) for HDN3[4]), the 
triangular hex-derived network of third type of dimension n (represented 
as THDN3|n], see Figure 2(a) for THDN3{[7]), the rectangular hex-derived 
network of third type of dimension n (represented as RHDN3[n], see Fig- 
ure 3(a) for RHDN3[4]) and the chain hex-derived network of third type 
of dimension n (represented as CHDN3|n]), see Figure 4(a) for CHDN3[5)). 
For more details, please refer to [5—7,9] and their references therein. 


ENENERAS 
PRUNING 


are 


AY 
cee Eee ERIN ae 
ms NY 5 
tat’ Ne NAY 
AY WANN 
(a) Hex-derived network of third (b) Subdivided hex-derived network 
type (HDN3|4)). of third type (SHDN3{3)). 


Figure 1: Examples of a structure of the hex-derived and subdivided hex- 
derived networks. 


By performing graph operations such as subdivision, contraction, re- 
moval, or inclusion of an edge or a vertex, or merger, we can frame a new 
graph from an existing one. A graph G is subdivided by inserting a new 
vertex between the edge. Using this fundamental subdivision procedure on 
the HDN3[n], THDN3[n], RHDN3|n| and CHDN3(n] networks, one can have 
a subdivided hex-derived network of third type of dimension n (symbolized 
as SHDN3|n], see Figure 1(b) for SHDN3{[3]), subdivided triangular hex- 
derived network of third type of dimension n (symbolized as STHDN3|n], 
see Figure 2(b) for STHDN3|4]), subdivided rectangular hex-derived network 
of third type of dimension n (symbolized as SRHDN3[n], see Figure 3(b) 
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for SRHDN32[4]) and subdivided chain hex-derived network of third type of 
imension n (symbolized as SCHDN3[n], see Figure 4(b) for SCHDN3)5)). 
herein 


y nN), 
Please see [8, 10,29, 30] and their references therein for more detailed struc 


Ny. 
EN 


(a) Triangular hex-derived network of (b) Subdivided triangular hex-derived 

third ( THDN3(7]) network of third type (STHDN3{4)). 
Figure 2: Examples of a structure of the triangular and subdivided triangular 
hex-derived networks. 
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Figure 3: Examples of a structure of the rectangular and subdivided rectan- 
gular hex-derived networks. 
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(a) Chain hex-derived network of 
third type (CHDN3[5)). (b) Subdivided chain hex-derived network 


of third type (SCHDN3[5)). 


Figure 4: Examples of a structure of the chain and subdivided chain hex- 
derived networks. 


3 Our Perspective and Direction 


In this research article, we have taken the hex-derived networks of type 
three of dimension n along with their subdivisions, and examples of their 
structures are delineated in Figures 1 to 4, respectively. We aimed to evaluate 
the Nirmala indices for these hex-derived networks and their subdivisions 
by applying two approaches. The first approach is operating the direct 
mathematical formulas of the Nirmala indices, and the second by applying 
their M-polynomial based formulas. In Section 4.1, we evaluate the Nirmala 
indices for the networks using the standard mathematical degree-based 
formula approach. Subsequently, by employing the M-polynomial based 
derivation formulas of the Nirmala indices, we calculate their values for our 
considered network in Section 4.2. Moreover, to analyze the behavior of 
the Nirmala indices and relationships among them for different hex-derived 
networks and their allied subdivisions, we plot them in Section 5, considering 
the various perspectives. At last, in Section 6, we conclude with some 
notable remarks. 


4 Determining the Nirmala Indices for Different 
Hex-derived Networks of Type Three and Their 
Subdivisions 


This section specifies the determination of the Nirmala indices for the 
hex-derived networks of type three of dimension n and their subdivisions 
using their degree-dependent mathematical formulas and the M-polynomial 
based formulas. 
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4.1 Computing the Nirmala Indices Using the 
Degree-Dependent Mathematical Formula Approach 


In this section, we directly operate the standard mathematical formulas of 
the Nirmala indices (as discussed in Section 1) to determine their values 
for the hex-derived networks and corresponding subdivided hex-derived 
networks. 


Theorem 4.1 Let HDN3[n]| represents the hex-derived network of third type 
of dimension n. Then the Nirmala indices for the HDN3({n| network, where 
n> 4, is given by 


(i) N(HDN3[n]) = (362 + 36/22 + 54)n? + (—72V/2 + 36/14 — 108/22 + 
12/5 + 24\/7 — 198)n + 36/2 + 24/11 — 72/14 + 84/22 + 12,V17 + 
210 — 36/5 — 48/7, 


(ti) IN\(HDN3{[n]) = (9V2 + 6VTI + 3)n? + (-18V2 + 22435 — 18/11 + 
SY5 _ 11)n+9V2+ Lyi _ 44/35 4 14,/11 + 6V'1190 , By 14 18v5 410, 


(iti) INo(HDN3[n]) = (18V2-+ SY + 27)n? + (—36V2-+ YS — Sas 
6/5 36/35 99)n | 18/2 48v77 144/35 f pee i 12/1190 | 


18¥14 _ 18/5 — BYS5 + 99, 


Proof: Table 2 lists the edge set partition of the HDN3(n] network 
based on the degree of end vertices of each edge [5]. These values are 
required for determining the Nirmala indices of the network by using their 
degree-dependent formulas (discussed in Section 1), as shown below. 


Table 2: The edge set partition of the HDN3[n]| network based on the degree 
of end vertices of each edge. 


Distinct pair of edges (4,4) (4,7) | (4,10) (4, 18) (7,10) | (7,18) | (10,10) ] (10,18) (18, 18) 
Number of such pairs | 18n? —36n+18 | 24 | 36n—72 | 36n?—108n +84 12 6 6n — 18 | 12n — 24 | 9n? — 33n + 30 


(i) Nirmala Index: 
N(HDN3[n)) 


= S- d(v,) + d(v2) 
v1v2€ E( HDN3[n}) 
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(18n? — 36n + 18)\/4 +4 + 24/447 + (36n — 72) /4 + 10 
+ (36n? — 108n + 84) /4 + 18 + 12/7 + 10 + 6V7 + 18 
+ (6n — 18)/10 + 10 + (12m — 24) 10 + 18 


+ (9n? — 33n + 30) 18 + 18 
= 2\/2(18n? — 36n + 18) + 24V11 + V14(36n — 72) 
22 


+ /22(36n? — 108n + 84) + 12V17 + 30 + 2V5(6n — 18) 
+ 2y/7(12n — 24) + 6(9n? — 33n + 30) 
= (36/2 + 3622 + 54)n? 


(—72V2 + 36V/14 — 108/22 + 12/5 + 24/7 — 198)n 
+ 36V2424V/11—72V/14+ 84/224 12V/17+210—-36V5—48/7 


(ii) First Inverse Nirmala Index 


IN,(HDN3[n] 


1 
woncto HDN3[n)) Ter) 


I 
= (18n? — 36n + 18 at 7+ 


Gs. ok 
aN fied Me es 
7 + (36n 72) 0° 5 
+ (36n? — 108 res 0 eae eae cali 
n 
i“ 4" 18 7" 10 7" 18 
T 1 T 1 
; il aa 12n — 24 
+ (6n — 18) foe ) 0? 18 
+ (9n? — 33n + 30) 
a V35 
be _VTT + SA (36n — 72) 
Vl 6 5 5 
+ = (86n? — 108n + 84) + == V1190 + 7 V14 Bn 18) 
+ Vv (120 — 24) + (8n? — 11n + 10) 
22 se 6 
= (9V2 + 6V11 + 3)n? + (-18V2 4 18V11 ee as, 
12/77 44,/35 6/1190 5/14 18/5 
+ 9/24 - : 4+14/114 J an wv 


+ 10. 
7 5 
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(tit) Second Inverse Nirmala Index: 
IN>(HDN3(n]) 
3 1 


= ; i 
v1v2€E(HDN3[n]) \/ dt) © 


1 1 1 
= (18n” — 36n + 18) 1 24 


+ (36n — 72) 
1 1 1 1 1 1 
ata Vat? V4 io 


1 
+ (9n? — 33n + 30) ———— 


1 1 
Vath 
48 V140 
= /2(18n? — 36n + 18) + iM ~—(36n — 72) 
6V11 


7 
12 18 
Tl (36n? — 108n + 84) + 17¥ 1190 ~ evi 


+ V5(6n — 18) + ye 


(12n — 24) + 3(9n? — 33n + 30) 


216V11 72/35 648/11 
= (18/2 + a + 27)n? + (-36V2 4 = a + 65 
36/35 48/77 144/35 504/11 
99)n + 18/2 4 + 
7 ial i 11 
12/1190 | 18/14 


72/35 
1 1 90. 
7 : 8/5 7 90 


Theorem 4.2 Let SHDN3|n] represents the subdivided hex-derived network 


of third type of dimension n. Then the Nirmala indices for the SHDN3|n 
network, where n > 3, is given by 


(i) N(SHDN3[n]) = (72V6 + 108/5)n? + (-144V6 + 120V3 — 324V/5)n + 
72/6 + 126 — 2403 + 2525, 


(ii) IN\(SHDN3[n]) = (36V3 + 18\/5)n? + (—72V/3 + 12/15 — 54/5)n + 
36/3 + 9/14 — 24,/15 + 425, 
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(iti) INj(SHDN3[n]) = (48V3 + 162¥5)n? + (963 + 20/15 — 488¥8)n + 
48/3 + 14/74 — 40/15 + 378¥5, 


Proof: Using the degree-dependent formulas and the edge set partition (see 


Table 3) of the SHDN3|n] network, the Nirmala indices of the network are 
calculated below. 


Table 3: The edge set partition of the SHDN3|n] network based on the 
degree of end vertices of each edge [10]. 


Distinct pair of edges (2,4) (2,7) | (2,10) (2, 18) 


18(3n? — 9n + 7) 


Number of such pairs | 72(n—1)? | 42 | 60(n—2) 


(i) Nirmala Index: 
N(SHDN3\n]) 


= S- d(v,) + d(v2) 
v102€ E(SHDN3I[n)) 

= 72(n — 1)? 24+ 44 42V2+7 +4 60(n — 2)/2 +10 + 18(3n? — 9n 
+ 7)V/2+18 

= 72V/6(n — 1)? + 42V9 + 120V3(n — 2) + 36V5(3n? — 9n +7) 

= (72V6 + 108V/5)n? + (—144V6 + 120V3 — 324\V/5)n + 72V6 + 126 
— 240V3 + 252V5. 


(ii) First Inverse Nirmala Index: 


IN, (SHDN3{[n) 
_ S- 1 é a 
v1 2€ E(SHDN3{n}) d(vy) dv 


1 
2(n — 1) iets sa Ee + 60(n 5+ 
18(3n* —9 7 
+ (3n? m+ 5 Ts 


= 36V3(n — 1)? + oyu 4 +12/15(n — 2) + 6V5(3n? — 9n + 7) 


1 
10 
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= (36V3 + 18\/5)n? + (—72V3 + 12V/15 — 54V/5)n + 36V3 + 914 
— 24/15 + 42V5. 


(tit) Second Inverse Nirmala Index: 


IN>(SHDN3[n]) 


7 1 
~~ 2 1 1 
v1v2€ E(SHDN3[n]) \/ dw) + Awa) 
1 1 1 
= 721)" = + 42———_ + 60(n — 2) ——— 
at4 ar 27 10 


+ 18(3n? — 9n + 7) 


Fi : 
SIH 


= 48V/3(n — 1)? + 14V14 + 20V15(n — 2) + SAV (ant 9n +7) 
= (48/3 4 1PV yp + (-96V3 + 20V/15 — a, + 48/3 


+ 14/14 — 40V/15 + ses 


Theorem 4.3 Let THDN3|n] represents the triangular hex-derived network 
of third type of dimension n. Then the Nirmala indices for the THDN3|n| 
network, where n > 4, is given by 


(i) N(THDN3[n}) = (6V2 + 6/22 + 9)n? + (—12V2 + 18/14 — 3022 + 
6/5 + 12/7 — 63)n + 18/2 — 30/14 + 36/22 — 12/5 — 36/7 + 108, 

(ii) IN{(THDN3[n]) = (2¥2 + V114 3)n? + (32+ BY —5 11 + 345 — 
Z)n + 9¥2 _ 21v35 + g,/]] — S¥8 4 6, 

(itt) INj(THDN3[n]) = (3V2 + 35¥41 + 8)n? + (6/2 + 36735 _ 180vil | 
8/5 es 63), 1 9/2 BOYS: ety 6/5 baa 1 5d. 


Proof: Based on the degree of the end vertices of each edge, Table 4 
displays the edge set partition of the THDN3[n| network. These data are 
essential for computing the Nirmala indices of the network by using their 
degree-dependent formulas, as demonstrated below. 
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Table 4: The edge set partition of the THDN3[n| network based on the 
degree of end vertices of each edge [7]. 


Distinct pair of edges (4, 4) 


(4,10) (4, 18) (10, 10) | (10, 18) 


(18, 18) 
3n? — 6n +9 | 18n — 30 


Number of such pairs 


6n? — 30n + 36 | 3n—6 | 6n— 18 


3(3n? — 21n + 36) 
(i) Nirmala Index: 


N( THDN3(n]) 


4/ d(v1) + d(v2) 
v1 v2€ E( THDN3[n]) 


= (3n? — 6n + 9)V4+4 + (18n — 30)V44 10 
+ (6n? — 30n + 36) /4 + 18 + (3n — 6)./10 + 10 
+ (6n — 18)/10 + 18 + 5(3n? — 21n + 36)V/18 + 18 
= 2\/2(3n? — 6n + 9) + V14(18n — 30) + V22(6n? — 30n + 36) 
+ 2/5(3n — 6) + 2V'7(6n — 18) + 3(3n? — 21n + 36) 
= (6V2 + 6V22 + 9)n? + (-12V2 + 18V/14 — 30722 + 6/5 + 12V7 
— 63)n + 18V2 — 30V14 + 3622 — 12V5 — 36V’7 + 108. 


(it) First Inverse Nirmala Index: 


IN,( THDN3[n 


ee Va 
1 
(3n2 — 6n +9) +3 a i 


4 
i 1 
+ (6n? — 30n + 36) ati + (3n — 6) ati 
6n — 18 a 2in 4 36) + 
tm i8) att 5(3n8 n+ 36) ig + ig 
2 


5 et —6n+9)+ sy — 30) + ee 


(6n? — 30n + 36) 
9) V¥ 39 
+ V5 39 is 


6 
5 a 


1 
(6n — 18) 4 5 (3n” 21n + 36) 
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ae + 114 = )n? + ( ee 5V11 + en 


D) 
Ne av cot 5 4g 


(tit) Second Inverse Nirmala Index: 


IN3( THDN3{(n]) 
1 


1 1 
v1v2€E(THDN3|n)) \/ Toi) + Ava) 


1 
(3n? — 6n + 9) —— area (18n — 30) 


AI 
+ 

AI 

Ble 
= : 
S| 


+ (6n? — 30n + 36 d 3n —6 Z 
n n + 36) i (3n — 6) as 
a+ ig i6 + io 
1 5 i 
21n 4 
+ (6n an ree 5 (3n n + 36) Ts - 
10 18 18 18 
2/35 6V11 
= /2(3n? —6n +9) + 2 ee (6n? — 30n + 36) 
3/35 3 
+ V5(3n — 6) 4 v (6n 18) 4 5 (an 21n + 36) 
36 ve 180/11 
= (3V2+4 uae 5) 24 (672 4 al + 3/5 
18/35 216/11 54/35 
+ = “8, +972 — lov 6V5 aes 


Theorem 4.4 Let STHDN3[n] represents the subdivided triangular hex- 
derived network of third type of dimension n. Then the Nirmala indices for 
the STHDN3(n| network, where n > 4, is given by 


(i) N(STHDN3[n]) = (12V6 + 18V5)n? + (—24V6 + 60V3 — 90V5)n + 
24/6 — 120\/3 + 1085, 


(ii) IN\(STHDN3[n]) = (6V3 + 3V5)n? + (-12V3 + 6V15 — 155)n + 
12,/3 = 12/15 + 18/5, 
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(iii) INo(STHDN3(n]) = (8V3 + 22)n? + (-16V3 + 10/15 — 27V5)n + 
16/3 — 20/15 + 162¥5. 


Proof: Below, we determine the Nirmala indices of the STHDN3[n| 
network by using their degree-dependent formulas, and the edge set partition 
(see Table 5) of the network. 


Table 5: The edge set partition of the STHDN3[n| network based on the 
degree of end vertices of each edge [30]. 


Distinct pair of edges (2, 4) (2, 10) (2, 18) 


Number of such pairs | 12(n? — 2n + 2) | 30(n — 2) | 9(n — 2)(n —3) 


(i) Nirmala Index: 
N(STHDN3[n)) 
= x d(v1) + d(v2) 
v1 v2€ E(STHDN3[n])) 
= 12(n? — Qn + 2)V24+ 44 30(n — 2)/2 +10 
+ 9(n — 2)(n —3)V2+ 18 
= 12V6(n? — 2n + 2) + 60V3(n — 2) + 18V5(n — 2)(n — 3) 
= (12V6 + 18V/5)n? + (—24V6 + 60V3 — 90V5)n 
+ 24V6 — 120V3 + 108V5. 


(ii) First Inverse Nirmala Index: 


IN,(STHDN3\(n}) 
1 1 


v1 02€ E(STHDN3[n]) d(v1) — d(v2) 


1 1 i - a 
=19? Ino 4S = a 
(n n+ 2) 5 + 7 + 80(n ) 3 To 


1 1 
+ 9(n — 2)(n — 3) 5 a6 


= 6V3(n? — 2n + 2) + 6V15(n — 2) + 3V5(n — 2)(n — 3) 
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= (673 + 3V5)n? + (-12V3 + 6V15 — 15\/5)n 
+ 1273 — 12V15 + 18V5. 


(tit) Second Inverse Nirmala Index: 


IN3(STHDN3\(n}) 
1 


1 


1 
v1v2€E(STHDN3[n)) \/ a) + Awa) 


= 12(n? —2n4+2 : +-30( <2) + — 
(n° — 2n are ( eeu 
1 
+ 9(n —2)(n—3 
( )( ) leas 
= 8/3(n? — 2n + 2) + 10V15(n 2) + in 2)(n — 3) 
= (8V3 4 PTV Ea? + (—16V3 + 10V15 — 27V/5)n 
1625 


+ 16V3 — 20V/15 + 


5 


Theorem 4.5 Let RHDN3|n| represents the rectangular hex-derived net- 
work of third type of dimension n. Then the Nirmala indices for the 
RHDN3|[n] network, where n > 4, is given by 


(i) N(RHDN3[n]) = (12V2 + 12/22 + 18)n? + (—24,V/2 + 24/14 — 48/22 + 
8/5 + 16/7 — 96)n + 20/2 + 8/11 — 44/14 + 48/22 + 4/17 + 136 — 
20/5 — 40V7, 


(ii) IN\(RHDN3(n]) = (3V2 + 2VT1 + 1)n? + (-6V2 + 4¥38 — 8VIT 4 


anf 16 my 4 5/2 + 4¥ 86735 4 g\/T] + 2v1190 4 Syd W5+7, 


(iii) INo(RHDN3[n]) = (6V2 + BYE + 9)n? + (—12V2 + S8y85 — 2s8v 
A/S + 24/35 _ 48)n + 10/2 + 16vT 88/35 Bev 4 4v1190 4. 614 


LoV5 — S235 + 63. 
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Proof: Based on the degree of the end vertices of each edge, Table 6 
shows the edge set partition of the RHDN3[n| network that is necessary 
for calculating the Nirmala indices of the network by using their degree- 
dependent formulas, as shown below. 


Table 6: The edge set partition of the RHDN3[n] network based on the 
degree of end vertices of each edge [9]. 


| Distinet pair of edges (4,4) (4,7) | (4,10) (4, 18) (7,10) | (7,18) | (10,10) | (10,18) (18, 18) | 


| Number of such pairs | 6n? — 12n + 10 8 24n — 44 | 12n? — 48n + 48 4 2 4n — 10 | 8n —20 | 3n? —16n + 21 | 


(i) Nirmala Index: 


N(RHDN3{n]) 


— S- d(v,) + d(v2) 
v1v2€ E(RADN3[n]) 


(6n? — 12n + 10)V44+ 4+ 8V44+7+4 (24n — 44)\/4+ 10 
+ (12n? — 48n + 48)V/4 4 18 + 4/7 + 10 + 2V7 + 18 
+ (4n — 10)V/10 + 10 + (8n — 20),/10 + 18 
+ (3n? — 16n + 21)V18 + 18 
= 2\/2(6n? — 12n + 10) + 8V11 + V14(24n — 44) 
+ V22(12n? — 48n + 48) + 4/17 + 10 + 2V/5(4n — 10) 
+ 2V/7(8n — 20) + 6(3n? — 16 + 21) 
= (122 + 12/22 + 18)n? + (—24/2 + 24/14 — 48/22 + 85 
+ 16V7 — 96)n + 20V2 + 8V/11 — 44/14 + 48,22 + 4/17 + 136 
— 20V'5 — 4077. 


(it) First Inverse Nirmala Index: 


IN, (RHDN3(n)) 


v1 02€B(RHDN3[n)) d(v1) — d(va) 


1 1 1 1 
2 
— — 24n — 44 
(6n ant 10) +4 +85 +o + n ) 
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i 4 co c. 2 
197? —4 4 4/ pay 
TARA TR yg ego ig OY at rg 
cs io 

4n—1 20),/— 4 
Pian = 10) a9 tg 820 fo is 

+ (3n? 16n + 21)\/— ce 
18 18 


4 
V2 62 12n + 10) + MTT 58 


= 24n — 44 
2 7 ig 
Vil 7 2/1190 5714 V5 
12 48n + 4 4n—1 
+; (12n 8n + 48) + 35 5] E (4n — 10) 
V35 1 


aT (8n — 20) 4 3 (3n” 16n + 21) 


= (3V2 4 V1 + 1)n?-+ Cava4 A svi 16, 


15 3 ) 
4AV77 86/35 2V1190 5/14 
+572 4 + 8/114 vil 2/5 +7. 
7 15 35 21 
(tit) Second Inverse Nirmala Index: 
IN>(RHDN3[n}) 
_ 1 
~ 3 1 1 
v1v2€ E(RHDN3|n}) \/ Toi) + Teva) 
1 1 1 
— 2 | | | 
474 407 47 10 
1 1 
+ (12n? — 48n + 48) + 4 + 2 


1 2 
= /2(6n? — 12n + 10) + OVE. 2y88 


24n — 44 
il gq 
6/11 4/1190 6/14 
fa (12n? — 48n + 48) 4 7 aces a V5(4n — 10) 


3/35 
+ == (8n — 20) + 3(3n? — 16n + 21) 
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72/11 48/35 288/11 
= (6V2+ Tl +9)n? + (-12V2 + ; a + 4/5 
24/35 16/77 88/35 288V11_ 4/1190 
- — 48)n + 10V2 + + + 
7 11 7 11 17 
J14 J 
ca : 10V5 “— + 63. 


Theorem 4.6 Let SRHDN3[n| represents the subdivided rectangular hex- 
derived network of third type of dimension n. Then the Nirmala indices for 
the SRHDN3[n| network, where n > 3, is given by 


(i) N(SRHDN3[n]) = (24V6 + 36\/5)n? + (—48V6 + 80V3 — 144V/5)n + 
32V/6 + 42 — 160V/3 + 1445, 
(it) IN{(SRHDN3[n]) = (12V3 + 6V5)n? + (—24/3 + 8/15 — 24)/5)n + 
16V3 + 3V/14 — 16/15 + 24V5, 


(iii) INo(SRHDN3[n]) = (16V3 + 4¥5)n? + (32/3 
64/3 a 14/14 _ 80/15 ae 2165 
3 3 3 5 


40/15 216V5 \n, 
3 5 


Proof: Table 7 details the edge set division of the SRHDN3[n] network 
depending on the degree of end vertices of each edge, which is essential for 
calculating the Nirmala indices of the network by employing their degree- 
dependent formulas, as illustrated below. 


Table 7: The edge set partition of the SRHDN3[n| network based on the 
degree of end vertices of each edge [30]. 


| Distinct pair of edges (2,4) (2,7) (2, 10) (2, 18) | 
| Number of such pairs | 8(3n?—6n+4) | 14 | 40(n—2) | 18(n — 2)? | 


(i) Nirmala Index: 
N(SRHDN3(n)) 
= S- d(v1) + d(vg) 


v1 v2€E(SRHDN3[n)) 


= 8(3n? — 6n +. 4)\/2 4+ 44 14/247 + 40(n — 2)./2 + 10 
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+ 18(n — 2)?,/2 +18 

= 8\/6(3n? — 6n + 4) + 42 + 80V3(n — 2) + 36V5(n — 2)? 

= (24V6 + 36V5)n? + (—48V6 + 80V3 — 144V5)n + 32V6 4+ 42 
— 160V3 + 144V5. 


(ii) First Inverse Nirmala Index: 
IN, (SRHDN3(n]) 
7 1 1 


Se A ee 
v1 02€ E(SRHDN3I[n]) d(v1) — d(va) 


iol re | ii. <4 
a} 
= t4)yf/-+—+144/-+25+4 2 
8(3n 6n ) ee ae O(n ) 5 4G 
i 
| OV? 
Ses tag 


= 4,/3(3n? — 6n + 4) + 3V/14 + 8V15(n — 2) + 6V5(n — 2)? 
= (123 + 6V5)n? + (—24V3 + 8V/15 — 24V/5)n + 16V3 + 3/14 
— 1615 + 24V5. 


(tit) Second Inverse Nirmala Index: 


IN>(SRHDN3{n]) 


1 
= 2 = 
v1v2€E(SRHDN3[n}) \/ aw) + Awa) 
1 


= 8(3n? — 6n + 4) 


= 18V3 (an? — 6n +4) + sae 2) 4 VE On 2)? 
= (16V3 4 An? + (—32V3 4 a = | evs 


14/14 80/15 216/75 
t 3 3 + 5 : 
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Theorem 4.7 Let CHDN3\|n] represents the chain hex-derived network of 
third type of dimension n. Then the Nirmala indices for the CHDN3\(n| 
network, where n > 2, is given by 


(i) N(CHDN3[n]) = (10V2 + 12/3 + 4)n + 12,2 — 8/3 — 8, 
(ii) IN\(CHDN3(n]) = (52 + 248 + 3)n+3V2- V6-1, 
(iti) INj(CHDN3[n]) = (5V2 + 4V6 + 2)n + 6V2 — 8¥6 — 4, 


Proof: Below, we evaluate the Nirmala indices of the CHDN3|n] network 
by employing their degree-dependent formulas, and the edge set partition 
(see Table 8) of the network. 


Table 8: The edge set partition of the CHDN3[n| network based on the 
degree of end vertices of each edge [6]. 


Distinct pair of edges | (4,4) | (4,8) | (8,8) 


Number of such pairs | 5n+6 | 6n—4 | n-2 


(i) Nirmala Index: 
N( CHDN3{[n]) 


= S- d(v1) + d(v2) 
v1v2€ E( CHDN3[n]) 


= (5n + 6)V44 44 (6n — 4) 4484 (n—2)V/8 +8 
= 2\/2(5n + 6) + 2V/3(6n — 4) + 4(n — 2) 
= (10V2 + 12V3 + 4)n + 12V2 — 8V3 - 8. 


(ii) First Inverse Nirmala Index: 


IN, (CHDN3(n)) 


v1 v2€E(CHDN3[n]) 


1 1 1 1 1 1 
= | 4 2 
(5n + 6) itZ (6n Watgt™ ) eae 
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= Yn +6) + Veen 4 +5(n 2) 
= (OF Oy nt avi VE-1. 


(iii) Second Inverse Nirmala Index: 


IN>(CHDN3[n)) 


1 
-— i i 
v1v2€E(CHDN3In]) \/ dvi) + Twa) 
1 i 1 

= (5n + 6) + (6n — 4) + (n — 2) 

Viti vi} i 

2/6 

= /2(5n + 6) + V8 Gn — 4) +2(n — 2) 
= (5V2 +4V6 + 2)n + 62 — a — 4, 


Theorem 4.8 Let SCHDN3(n] represents the subdivided chain hex-derived 
network of third type of dimension n. Then the Nirmala indices for the 
SCHDN3\|n| network, where n > 2, is given by 


(i) N(SCHDN3[n}) = (16V6 + 8V/10)n + 8V6 — 8v'10, 
(ii) IN{(SCHDN3[n]) = (8V3 + 2V/10)n + 4V3 — 2/10, 
(iti) IN2(SCHDN3[n]) = (28 + 16¥19)n + 16¥3 _ 16vi10 


Proof: | Depending on the degree of end vertices of each edge, Table 9 
displays the edge set partition of the SCHDN3[n]| network that is necessary to 
compute the Nirmala indices of the network by using their degree-dependent 
formulas, as depicted below. 


Table 9: The edge set partition of the SCHDN3[n| network based on the 
degree of end vertices of each edge [29]. 


Distinct pair of edges | (2,4) (2,8) 


Number of such pairs | 16n+8 | 8n-—8 
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(i) Nirmala Index: 


M(SCHDN3{n)) 


= 3 avr) + d(v2) 
v1 v2€ E(SCHDN3[n]) 


= (16n + 8)/2+4 + (8n —8)/2+8 
= V6(16n + 8) + V10(8n — 8) 
= (16V6 + 8V/10)n + 8V6 — 8V'10. 


(it) First Inverse Nirmala Index: 


IN| (SCHDN3\[n)) 
£ S- 1 a 1 
v102€E(SCHDN3{n]) d(v1) — d(va) 


= (Gn +8)/5 +5 + (82-8) = +5 


VE. sw , V1 
= (16n +8) + = (8n—8) 


= (8V3 + 2V10)n + 4V3 — 2V10. 


(tit) Second Inverse Nirmala Index: 


IN>(SCHDN3{n]) 


1 1 
= (16n+8 + (8n—8 
( ) a re ( ) aa re 
= V3 16 + 8) + Z (8n 8) 


82V3 _ 16V10 _16V3 16/10 


HOG 5 et 5 
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4.2. Determining the Nirmala Indices Using the M-polynomial 
Approach 


In this section, we start by summarizing the M-polynomial expressions of 
the considered hex-derived networks of type three and their subdivisions, 
which have been derived in [5-7, 9, 10, 29,30]. Using these M-polynomial 
expressions of the networks taken into account, we calculate the Nirmala 
index, the first inverse Nirmala index and the second inverse Nirmala index 
for them through their M-polynomial based formulas listed in Table 1. 


Theorem 4.9 ([5,10]) Let HDN3|n] and SHDN3(n] denote the hex-derived 
and subdivided hex-derived network of third type, then the expressions of 
their M-polynomials are given by 


(i) M(HDN3[n]; x, y) = (18n? —36n4+ 18)a*y*+2424y" + (36n —72)r4y + 
(36n? — 108n + 84)a4y18 4 12a7y! + 6a7y!8 + (6n —18)rly! + (12n — 
24)g1y'8 + (On? — 338n + 30)al8y18, 


(ii) M(SHDN3[n]; x,y) = 72(n — 1)2a?y4 + 4227y" + 60(n — 2)r?yl? + 
18(3n? — 9n + 7)a7y}8. 


Theorem 4.10 ([7,30]) Let THDN3[n| and STHDN3|[n] stand for the tri- 
angular hex-derived and subdivided triangular hex-derived network of third 
type, then the expressions of their M-polynomials are given by 


(i) M(THDN3I[nj; x, y) = (8n?—6n4+9)aty*+(18n—30)x4y!+ (6n?—-30n+ 
36)a4y18 + (3n — 6)aly! + (6n — 18) aly! + 5 (3n? — 21n + 36)28y'8, 


(ii) M(STHDN3[n]; z, y) = 12(n? — 2n + 2)x7y* + 30(n — 2)a7y? + 9(n — 
2)(n — 3)x?y}8. 


Theorem 4.11 ([9,30]) Let RHDN3|n] and SRHDN3(n| represent the rect- 
angular hex-derived and subdivided rectangular hex-derived network of third 
type, then the expressions of their M-polynomials are given by 


(i) M(RHDN3[n]; x, y) = (6n? —12n+10)x*y* + Baty? + (24n—44)rtyl0 + 
(12n? — 48n + 48)xty!® + dx7y! 4 Q07y18 + (4n — 10)2ly! + (8n — 
20)2y'8 + (8n? — 16n + 21)2'8y'8, 


(ii) M(SRHDN3(n); 2, y) = 8(8n? —6n+4)a7y4 + 1427y" + 40(n—2) 27 y+ 
18(n — 2)?x%y18. 
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Theorem 4.12 ([6,29]) Let CHDN3[n| and SCHDN3(n] be the chain hex- 
derived and subdivided chain hex-derived network of third type, then the 
expressions of their M-polynomials are given by 

(i) M(CHDN3[n]; z, y) = (5n + 6)x*ty* + (6n — 4)aty® + (n — 2)2%y8, 

(ii) M(SCHDN3[n]; x, y) = (16n + 8)x?y* + (8n — 8)x7y8. 

Let us now proof the Theorems 4.1 to 4.8 to calculate the Nirmala 

indices of our considered networks using their M-polynomials listed in 
Theorems 4.9 to 4.12. 
Proof: (Another (M-polynomial based) approach to proving Theo- 
rems 4.1 to 4.8). Now, with the help of the above-mentioned M-polynomial 
expressions of the networks, below we can calculate the Nirmala indices for 
the considered networks using the formulas listed in Table 1 (on Page 195). 
Proof of Theorem 4.1 (The Nirmala Indices for the HDN3[n] 
Network). 


(i) Nirmala Index: 
N(HDN3[n]) 
= Dz? JM(HDN3[n]; 2, y)|o=1 
= D1? J{(18n? — 36n + 18)x4y4 + 24a4y? + (36n — 72)aty! 
+ (36n? — 108n + 84)aty!8 + 1207%y!? + 6x7 y18 + (6n — 18)a1yl? 
+ (12n — 24)aly® + (9n? — 33n + 30)0'8y'}| 1 
= D}/?{(18n? — 36n + 18)a® + 2421! + (36n — 72)a4 
+ (36n? — 108n + 84)a?2 + 12a!” + 6x?° + (6n — 18)x”? 
+ (12n — 24)x?8 + (9n? — 33n + 30)2°*}|.—4 
= V8 x (18n? — 36n + 18) + V/11 x 244 V14 x (36n — 72) 
+ 22 x (36n? — 108n + 84) + V17 x 12+ V25 x 6 
+ /20 x (6n — 18) + 28 x (12n — 24) + V36 x (9n? — 33n + 30) 
= (36V2 + 3622 + 54)n? + (—72V2 + 36V/14 — 10822 + 125 
+ 24\/7 — 198)n + 362 + 24V/11 — 72V/14 + 84,22 + 12/17 
+ 210 — 365 — 48/7. 


(ii) First Inverse Nirmala Index: 


IN,(HDN3\n]) 
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= Dy!? 1S)! S3/*M(HDN3[n); 2, y)|o=1 

= DY? 7821/2 91/2 4 (18n? — 36n + 18)a4y* + 2daty? + (36n — 72)x 4,10 
+ (36n? — 108n + 84)a4y!® + 1227y! + 6a7y'® + (6n — 18)x ya 

+ (12n — ee + (9n? — 33n + 30)2'8y"?}|.—1 


- pee 


(18n? — 36n + 18)ac4y* + 24xty" 


1 
V4 x 4 VJ4 x 7 


1 
(36n — 72)aty'° 4 - sq (36n° 108n + 84)aty'8 
x 


1 
cs V4 x 10 
1 1 
4+ 1277 10 4 6x" 18 6n — 18 104 10 
Teor ras Toxo: 2 


(12n — 24)x1y8 


10 x 18 


1 
% V18 x 18 


1 
er, (18n? — 36n + 18)2° 4 


(9n? — 33n + 30)2'8y'*} 


x=1 


5 (36? — 108n + 84)a?? 4 12017 4 62> 


1 
(6n — 18)x?° + Figg” — 24) x78 


Soe = 36 
+ zon 33n + 30)a i- 
_ v8 vil V4 


“7 (18n? — 36n + 18) + ies x 244 val6n — 72) 

v2 vii v25 
+ Fer — 108n + 84) + vas ATa 
4 v20 28 me 33n + 30) 


0 (6n — 18) 4 fig 4) 4 3 (on 


= (9V2 + 6V11 + 3)n? + (-18V2 4 
5G: oe as rae ‘oT svi 


7 
18 
15 


x 6 


2/8 18/11 + ae —11)n 
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(tit) Second Inverse Nirmala Index: 


IN>(HDN3([n]) 
= si? DY? Di? M(HDN3[n|;2, y)|e=t 
= Si? IDI? Diy? {(18n? — 36n + 18)x4y* + 2424y 
+ (36n — 72)a*y!° + (36n? — 108n + 84)atyl + 1207y" + 6a7y18 
+ (6n — 18) yt? + (12n — 24)ay"® 
+ (9n? — 33n + 30)a0"8y"?}n—1 
= Si? {Vax 4 x (18? — 36n + 18)a4y4 + VEX 7 x 24erty? 
+ V4 x 10 x (36n — 72)a*y'? + V4 x 18 x (36n” — 108n + 84)a*y'"® 
+ 77x 10 x 1207y + /7 x 18 x 62738 
+ V10 x 10 x (6n — 18)x1°y!? + 10 x 18 x (12n — 24)219y18 
+ V18 x 18 x (9n? — 33n + 30)r8y"9}|.—1 
= S154 x (18n? — 36n + 18)a® + V28 x 24! 
+ V40 x (36n — 72)a4 + V72 x (36n? — 108n + 84)x?? 
+ V70 x 122!" + V/126 x 6x?? + 10 x (6n — 18)x° 
180 x (12n — 24)a?8 + 18 x (9n? — 33n + 30)r°°}|.—1 


4 28 V40 
= — x (18n? — 36n + 18) + —= x 24 4+ = x (36n — 72) 
V8 Vil V14 
V72 V70 V126 
+ += x (36n? — 108n + 84) + = x 12+ ~= x6 
22 V17 V25 
10 180 
4 (6 = 18) + x (12n — 24 
m0 ( ) ( ) 
fee ag (9n? — 33n + 30) 
a Te nm 
V36 
216/11 ae 648/11 
= (18/2 + ac 27)n? + (—36V/2 + Tl 
J 48/77 "ay 
+6V5 + SY" _ 99)n + 183 + = 4 
504/11 12/1190 18/14 72/35 
eae 8 ge tee ae 


Proof of Theorem 4.2 (The Nirmala Indices for the SHDN3([n] 
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Network). 
(1) Nirmala Index: 

N(SHDN3{[n)) 

= D;/?.JM(SHDN3[n]; x, y)|o=1 

= D1? J£72(n —1)?x?y* + 4227y" + 60(n — 2)x?y!° 
+ 18(3n? — 9n + 7)a7y"8}|,-4 

= Di?{72(n — 1)?2® + 422° + 60(n — 2)a¥ 
+ 18(3n? — 9n + 7)a7}|.=1 

= V6 x 72(n — 1)? + V9 x 42 + V/12 x 60(n — 2) 
+ /20 x 18(3n? — 9n +7) 

= (72V6 + 108V/5)n? + (—144V6 + 120V3 — 324\/5)n + 72V6 
+ 126 — 240V3 + 2525. 


(ti) First Inverse Nirmala Index: 
IN, (SHDN3[n)) 
= Dy? T8575! M (SHDN3[n]; 2, y)|e=1 
= Dy? FSi 82/7 {72(n —1)*x7y4 + 422747 + 60(n — 2)x7y" 
+ 18(3n? — 9n + 7)a7y"8}|,-4 


1 1 
= DP IL =~ 712(n 1)? py? 42a? y? 


VJ2xA4 V/2x 7 
1 
Wopeig eee 
1 
—___18(3n? — 9n + 7)x?y"® 
mae ery HL 
=p : 72(n —1)?2° 4 +4929 + — 60(n — 2)x? 
" Ls V14 /20 
1 
+ ——18(3n? — 9n + 7)x?" 
J36 a |e 
6 9 V12 /2 
me V6 oon 1)? 4 V9 yoy 60(n — 2) 4 D1 8(3n2 - 9n +7) 
V8 J14 /20 36 


= (36V3 + 18V5)n? + (—72V3 + 12V/15 — 54V5)n + 36V3 + 9V14 
— 24/15 + 42/5. 
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(tit) Second Inverse Nirmala Index: 


IN>(SHDN3(n]) 

= $7? J Dy? Dy? M(SHDN3[n]; 2, y)|=1 

= Sy? TDi? Dy? {72(n — 1)?x?y4 + 42a7y" + 60(n — 2)ar7y"? 
+ 18(3n? — 9n + 7)a?y"8}] a1 

= Si2 TL /2x4 x 72(n — 1)°x7y4 ff Pe 7 * 42Qx2y" 

+ 2x 10 x 60(n — 2)a7y!° 

+ 2x 18 x 18(3n? — 9n + Tay} os 

= S'2 4/8 x 72(n —1)?x® + V4 x 4229 + 20 x 60(n — 2)? 
+ V36 x 18(3n? — 9n + 7)a7}| 


_ v8 v14 V20 
ge Ne et age 
in x 18(3n? — 9n +7) 


= (48/3 4 EY ip + (963 + 20V15 — SN a + 48V5 


+ 14V 14 — 40V15 + as 


Proof of Theorem 4.3 (The Nirmala Indices for the THDN3[n] 
Network). 


(i) Nirmala Index: 
N( THDN3[n)) 
= Dl? JM( THDN3[n]; x, y)|e=1 
= D1? F{(3n? — 6n + 9)aty4 + (18n — 30)24y1° 
+ (6n? — 30n + 36)aty! + (3n — 6)x1y! + (6n — 18)aly8 
+ 5 (3n? — 21n + 36)ar'8y18},_4 


= D1/24(3n? — 6n + 9)x8 + (18n — 30)2! + (6n? — 30n + 36) 222 


1 
+ (3n — 6)x*° + (6n — 18) x78 + 3 n* 21n + 36)2°*}|.—4 


= V8 x (3n? — 6n + 9) + V14 x (18n — 30) 
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+ 22 x (6n? — 30n + 36) + 20 x (3n — 6) + V28 x (6n — 18) 
V36 


bX (3n? — 21n + 36) 


= (6V2 + 6V22 + 9)n? + (—-12V2 + 18V/14 — 30V22 + 6V5 
+ 12/7 — 63)n + 18V2 — 30V/14 + 36/22 — 12V/5 — 36/7 + 108. 


(it) First Inverse Nirmala Index: 


IN; (THDN3(n]) 
= Dy? TSy/?S)/? M(THDN3[n; 2, 9) |e=1 
= Dy? TSy/? St? {(3n? — 6n + 9)a*y* + (18n — 30)aty"? 
+ (6n? — 30n + 36)a*y"® + (3n — 6)al?y!? + (6n ~ 18)a%%y 


1 
+ 5 (3ne — 21n + 36)r'8y18}|,_4 


= DyPT{ Bn" ~6n+9)xty! 4 7s G (18m — 30) 4,10 
7 = Fy Gn" 30n + 36)aty'8 + a (30 — 6)a19y10 
: (6n — 18)a1%y8 
V10 x 18 
a ae" 21n + 36)2!8 Mea 
= DY? (3n? —6n4+9)a8 + alls — 30)a+ 
+ Fas (6n® — 30n + 36)272 + (3 — 6)279 + _ — 18)x8 
+ =(3n2 — 21n + 36)23 . 
36 r=1 
= Bon? —6n+9) + ve (08m 30) + ME (on? 30n + 36) 
ee 6) + + on 18) + VPS (ay? — 21n + 36) 


= 2 4 vit bynt + (avis a svi 4 ~~ Sn 


2 
9 2 21 V 5 6 5 


+ 6. 


222 Shikha Rai and Shibsankar Das 


(tit) Second Inverse Nirmala Index: 


IN>(THDN3[n]) 
= $i? I Di? Di?M(THDN3[n]; 2, y)|e=1 
= Si? IDI? Dz? {(3n? — 6n + 9)a*y* + (18n — 30) ay"? 
+ (6n? — 30n + 36)a4y!® + (3n — 6)ay! + (6n — 18)a!0y%8 
1 
+ 5 (3n" — 21n + 36)ar'8y18}|,_4 
= S12 Tf /4x 4 x (3n? — 6n + 9)atyt + V4 x 10 x (18n — 30)a4y!® 
+ J/4x 18 x (6n? — 30n + 36)a4y'® + V10 x 10 x (3n — 6)a10y?° 
+ V10 x 18 x (6n — 18)x1°y!8 


+ 18 x 18 x 5 (3n? — 21n + 36)r}8y18}|.-4 
= $1254 x (3n? —6n + 9)x® + V40 x (18n — 30)a!4 
+ V72 x (6n? — 30n + 36)x7? + 10 x (3n — 6)a?° 
180 x (6n — 18)x78 + 9(3n? — 21n + 36)2°°}|.—1 


= Fx (Bn? = 6n +9) + TE x (18n — 30) 
+ Ex (Gn? — 300 +36) + 2 x (Bn 6) 
+ ag (on 18) 4 Fag % (an? — Bn +36) 

= (3v3+ YE yep tie ve sad Laue 
rece 8, Gus anv, 216vT VE ae 


Proof of Theorem 4.4 (The Nirmala Indices for the STHDN3([n] 
Network). 


(i) Nirmala Index: 
N(STHDN3(n)) 
= D}/? JM(STHDN3(n]; x, y)|e=1 
= Dl? J{12(n? — 2n + 2)x?y* + 30(n — 2)a?y1° 
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+ 9(n — 2)(n — 3)a7y"*} heat 
= Di?419(n? — 2n + 2) + 30(n — 2)x!? + 9(n — 2)(n — 3) }\n-1 
= V6 x 12(n? — 2n + 2) + V12 x 30(n — 2) + V20 x 9(n — 2)(n — 3) 
= (12V6 + 18V/5)n? + (—24V6 + 60V3 — 90V/5)n + 24V6 

— 120V3 + 108V5. 


(ti) First Inverse Nirmala Index: 
IN, (STHDN3(n]) 
= Dy/? T8y/?St/*M (STHDN3|n]; 2, y)|2=1 
= DP Is oP eae — 2n + 2)ax7y* + 30(n — 2)ax7y" 
+ 9(n — 2)(n — 3)a7y"*}e=1 
1 1 
Sie 5} 12(n2 — 2n + 2)x2y* + ———30(n — 2)2y" 
% 


J/2xA4 


_ v6 v12 

=a le eae, x 30(n — 2) 
ve x 9(n — 2)(n — 3) 

= (6V3 + 3V5)n? + (-12V3 + 6V15 — 15V5)n 


+ 12/3 —12V15 + 18V5. 


(tit) Second Inverse Nirmala Index: 


IN>(STHDN3(n]) 
= $3)? J Dy? Dz?M (STHDN3[n]; 2, y)|e=1 
= Si? IDI? Dz? {12(n? — In + 2)a?y* + 30(n — 2)a?y" 
+ 9(n — 2)(n — 3)27y"* } ent 
= S12 J£./2 x 4 x 12(n? — 2n + 2)a?y4* + V2 x 10 x 30(n — 2)a?y" 
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+ V2X 18 x 9(n — 2)(n — 3)a?y!8}| 
= Sh? {V/8 x 12(n? — 2n + 2)a® + V20 x 30(n — 2)a? 
+ V36 x 9(n —2)(n — 3)2™}|_, 


_vs yy ¥20 V'36 

= 5 x 12(n? — 2n +2) 4 Ji fe aE x 9(n — 2)(n — 3) 

= (8V3 + HD + (-16V3 + 10V15 — 27V5)n + 16V3 — 20V15 
Z 1625 


5 


Proof of Theorem 4.5 (The Nirmala Indices for the RHDN3([n] 
Network). 


(i) Nirmala Index: 


N(RHDN3{n}) 
= Dy? JM (RHDN3[n]; x,y) |e=1 
= D1? J£(6n? — 12n + 10)aty* + Baty” + (24n — 44)aty!? 
+ (12n? — 48n + 48)ar4y!8 + 4ar%y?? + 227y38 + (4n — 10) rly? 
+ (8n — 20)2t0y18 + (3n? — 16n + 21)r'8y18},4 
= Di? (6n? — 12n + 10)x® + 821! + (24n — 44)a!4 
(12n? — 48n + 48)a2? + dat? + 22° + (4n — 10)x? 
+ (8n — 20)x?8 + (3n? — 16n + 21)x°*}|._1 
= V8 x (6n? — 12n +10) + V11 x 84+ V14 x (24n — 44) 
+ 22 x (12n” — 48n + 48) + V17 x 44 25 x 2 
+ /20 x (4n — 10) + V28 x (8n — 20) + V36 x (3n? — 16n + 21) 
= (12V2 + 12/22 + 18)n? + (—24/2 + 24/14 — 48/22 + 8/5 
16V7 — 96)n + 20V2 + 8V11 — 44V/14 + 48/22 + 4V17 
136 — 2075 — 40V7. 


(it) First Inverse Nirmala Index: 


IN; (RHDN3[n]) 
= Dy? T5y/?S3/?M (RHDN3[n); 2, y)|e=1 
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= Dy? FS y!?St/*{(6n? — 12n + 10)a4y* + Baty” + (24n — 44) ay"? 
+ (12n? — 48n + 48)aty!8 + 4x7 yl 4+ 2a7y18 + (4n — 10)2Oy?? 
+ (8n — 20)ay18 + (3n? — 16n + 21)x18y!8}|.-4 


1 1 
= DiP at (6n?2 — 12n + 10)a4y* + ———8e'ty’ 


V/4 x4 V4 x 7 


1 1 
24n — 44) x47! 12n? — 48n + 48)a*y!® 
meg ee AsO Re 


(3n? — 16n + 21)2'8y'*} 


x=1 


1 1 1 
= Dyl?{ (6? —12n +10)28 + —= x 8a)! + —_(24n - 44)2™4 


V28 v40 


1 
12n? — 48n + 48)x?2 + —— x 4a? + 


1 
72 /70 /126 


x 2x5 


“—— 


22 
+ —=(12n? — 48n + 48) 4 


V72 


V36 
0) + Fe Br — 16n + 21) 


44/35 4 fj 
= (3V2 + 2V114 1)n? + (-6V2 4 = 8/114 ve ae 
4/77 86/35 2/11 14 
+5V2+ sa VS 4 Vii ee a5 


16 (4n — 10) + 


(tit) Second Inverse Nirmala Index: 


IN9(RHDN3[n)) 
= Si? TDi? Dy? M(RHDN3[n); x,y) |2=1 
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= Sy? Di? Di? {(6n? —12n 4+ 10)a*ty* + 8a4y? + (24n — 44)xty!° 
+ (12n? — 48n + 48)atyl8 + 4x7 yl + 207418 + (4n — 10)210y?? 
+ (8n — 20)21y38 + (3n? — 16n + 21)r}8y18} 4 

= SY27{/4x 4 x (6n? — 12n + 10)xty4 + V4x7 x Baty? 
+ V4x 10 x (24n — 44)aty’ + V4 x 18 x (12n? — 48n + 48)aty"® 
+/7 x 10x Ag" y'° +/7 x 18 x 2a7y'8 
+ V10 x 10 x (4n — 10)ar™y" + 10 x 18 x (8n — 20)x19y'"® 
+ J18 x 18 x (3n? — 16n + 21)r!8y"}|,—1 

= $1/2f4 x (6n? — 12n + 10)a® + 28 x 8a" + V40 x (24n — 44)a!4 
+ V72 x (12n? — 48n + 48)a?? + V'70 x 4a? + 126 x 22° 
+10 x (4n — 10)x?° + 180 x (8n — 20)x?8 
+18 x (3n? — 16n + 21)2°°}|.—1 


5 Gi AOS Oa aa) 
V8 Vil V14 
V72 : V70 126 
= — & (19n? = 484+ 48) + = KA + KD 
22 ( ) V17 V25 
10 V180 18 J 
+ —— x (4n—10)+ x (8n — 20) + —= x (3n* — 16n+ 21 
a0 ( ) Ja8 ( ) J36 ( ) 
72V11 48/35 288/11 
= (6V2+ a + 9)n? + (-12V2 + - a 4/5 
24,/35 16/77 88/35 288/11 4/1190 
- — 48)n + 10/24 - 
7 11 7 im 17 
6/14 60V35 
se 10V5 768. 


Proof of Theorem 4.6 (The Nirmala Indices for the SRHDN3([n] 
Network). 


(i) Nirmala Index: 


N(SRHDN3(n]) 

= D/? JM(SRHDN3([nj; x, y)\e=1 

= D}/? J{8(3n? — 6n + 4)ax7y4 + 1427y" + 40(n — 2)x7y'° 
+ 18(n — 2)?a7y"?}|.—1 
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= D1/?{8(3n? — 6n + 4)x® + 142° + 40(n — 2)r!? + 18(n — 2)?29}|.-1 
= V6 x 8(3n? — 6n +4) + V9 x 144 V12 x 40(n — 2) 

+ V20 x 18(n — 2)? 
= (24V6 + 36V5)n? + (—48V6 + 80V3 — 144V5)n + 32V6 

+ 42 — 160V3 + 144V5. 


(ii) First Inverse Nirmala Index: 


IN, (SRHDN3(n]) 

= Dy/? J85/?S3/?M (SRHDN3[n]; x,y) |e=1 

= Dy? IS 4? 82/7 {8(3n? —6n+ 4)a7y* + 14a7y" + 40(n — 2)x7y"° 
+ 18(n — 2)?2?y'¥}/201 


1 
= ply 8(3n? — 6n + 4)a7y4 1427" 
? yagi mo ONT as 
1 1 
AO 9 2,10 48 — 2)2 7918 
(im OO * oe io 
i 1 1 
= Di?t __8(3n? — 6n + 4)a® + —— x 14a® + —— x 40(n — 2)x? 
PY gBl et Ta woe 
1 
—— 18(n — 2)?x° 
* 736 ane eee 
V6 : V9 V12 
= 8(3n? — 6n + 4) + t= x 144+ = x 40(n -2 
va * + ag riick ie 
V2 
V8 a8 5) 
V36 
= (12V3 + 6V5)n? + (—24V3 + 8V/15 — 24/5)n + 16V3 + 3/14 
— 16V/15 + 24/5. 


(tit) Second Inverse Nirmala Index: 


IN>(SRHDN3(n]) 

= $t/2, 7D? D1? M(SRHDN3(n]; x, y)|e=1 

= $t/? JD? DY/2{8(3n? — 6n + 4)x2y! + 1427y" + 40(n — 2)a?y!° 
+ 18(n — 2)?x?y"?}|.—-1 

= St? Tf 2x4 x 8(3n7 —6n+ A) x24 +V2x 7x 1427y" 
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+ V2X 10 x 40(n — 2)0?y! + V2X TB x 18(n — 2)24?y8}| 
= S1/21./8 x 8(3n? — 6n + 4)2° + V14 x 1409 + 20 x 40(n — 2)a!? 
+ V36 x 18(n — 2)?x7}| _, 


= Fx 8(8n’ Gn) + x 14+ YO x 40(n—2) 
+ ws x 18(n — 2)? 
= (16V3 4 BV a? + ( nyse oe ANS, one 
14/14 80/15 2165 
baer: ee ae 


Proof of Theorem 4.7 (The Nirmala Indices for the CHDN3([n] 
Network). 


(i) Nirmala Index: 


N(CHDN3(n)) 

= Di? JM(CHDN3[n]; x,y) |x=1 

= Di? J{(5n + 6)xty* + (6n — 4)aty® + (n — 2)08y*}\n-1 
= Di? (5n + 6)a® + (6n — 4)x!? + (n — 2)a"}\.-1 

= V8 x (5n +6) + V12 x (6n — 4) + V16 x (n — 2) 

= (10V2 + 12V3 + 4)n + 12V2 — 8/3 — 8. 


(ti) First Inverse Nirmala Index: 
IN; (CHDN3[n]) 
= Dy/? IS)!" 53/2 M(CHDN3[n]; 2, y)le=1 
= Dy? TSy/? S274 (5n + 6)a*y! + (6n — A)aty’ + (n — 2)a8y8}\n=1 


1 1 
= pi/27 5 6 4,4 6 4 4,8 
PI, alin + Baty! + (On — Aaty 
1 
_ 9) 7828 
+ ae 2} 
1 
_ pi2ft 8 ioe 16 
=D. {7(on + 6)a + an A)x** + —(n—2)x YL 
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=F x (6n-+6) + 2 x (On 4+ xn 2) 
== V8 on tava V8 =1. 


(tit) Second Inverse Nirmala Index: 


IN2(CHDN3[nJ) 
st? 7DY? pi? M(CHDN3[n]; 2, y)|e=1 
38/2 DY? U2 (5n + 6)aty? + (6n — 4)aty8 + (n — 2)28y8 414-1 
= Si? I{V4x 4x (5n + 6)a*y! + V4Ex 8 x (6n — 4)a*y8 
+ V8Bx 8 x (n — 2)28y8}| 
S. 


= Fx (6n+6)+ on 1) + ax ( ) 


= (5V2 + 4V6 + 2)n+ 6V2 sa 4, 


Proof of Theorem 4.8 (The Nirmala Indices for the SCHDN3([n]| 
Network). 


(i) Nirmala Index: 


N(SCHDN3(n]) 

= D'/? JM(SCHDN3[n); x, y)\2=1 

= Di? T{(16n + 8)x7y* + (8n — 8)a7y?}|n—1 
= D1/?£(16n + 8)x® + (8n — 8)a!}|—-4 

= V6 x (16n + 8) + V10 x (8n — 8) 

= (16V6 + 8V/10)n + 8V6 — 8V'10. 


(ii) First Inverse Nirmala Index: 


IN, (SCHDN3[n]) 
= Dy? T8y/?S1/?M (SCHDN3|n]; 2, y)\=1 
= Dil? ISy/?84/?{(L6n + 8)2y* + (8n — 8)a7y?}|n—1 
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1 1 

— p}/2 1 8) x2! 4 Baie \etae 

- Faq (ion + ary xe re 

1 

_ pni/2 pte 6 10 
=p! { aglt6n + 8)r° + —(8n — 8) i 

V6 —oi-a WV 10 
Senn’) ar x (8n — 8) 


= (8V3 + 2V10)n + 4V3 — 2V10. 


(tit) Second Inverse Nirmala Index: 


INo(SCHDN3(n]) 

= $7? JD, Dy? M(SCHDN3[n); 2, y)|e=1 

= St? IDy!? Di? {(16n + 8)x7y* + (8n — 8)a7y?}|o—1 

= 91/2 1 /2x 4x (16n + 8)a7y* + V2 x8 x (8n — Sag js 
= Si? f/8 x (16n + 8)x®° + 4 x (8n — Sa tes 


_ v8 | 4 
32/3  16,/10 16/3 16/10 
Age Pg eg ae 


5 Numerical and Graphical Demonstration of the 
Nirmala Indices for the Hex-derived Networks 
and Their Subdivisions 


This segment deals with some comparative assessments of the Nirmala indices 
for the hex-derived networks of type three and their subdivisions. 
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The values of the Nirmala indices for the networks and their subdivi- 
sions are reported in Table 10 for various dimensions n (where, 2 <n < 20) 
and have pictorially illustrated the determined results of the table in Fig- 
ures 5 to 15 with the help of MATLAB R2019a software to obtain relations 
among them. 


sage “4 x10" 
46 X10 ax iz 


=S— NNSA + | [Ren orate —S— IN, (HONS[n)) 
—4— IN, (SHDN3in}) 


_—#— NISHDN3in)) 


35) [ein (SHONSIM) 


Values of the Nirmala index —> 


Dimension —+ 


(a) Comparison (b) Comparison (c) Comparison 
of N(HDN3{n]) of IN, (HDN3{n}) of IN2(HDN3{n}) 
with N(SHDN3[n)). with IN; (SHDN3[n)). with INj(SHDN3[n}). 


Figure 5: A comparative analysis of the Nirmala indices between the HDN3[n| 
and SHDN3\|n] networks, where 4 < n < 20. 


x10" rae 10000 
SIN, (THONG In) + —— IN, (THONSn]) 


6000 | | —#— IN, (STHDN3{n}) |—e— IN, (STHDN3{n)) 


25 


—S= N(THDNG{n)) 
|—#—N(STHDNS[n)) 


Values of the Nirmala index —> 


Values of the first inverse 


3 


(a) Comparison (b) Comparison (c) Comparison 
of N(THDN3(n}) of IN; (THDN3(n]) of IN2(THDN3(n]) 
with N(STHDN3(n)). with IN, (STHDN3(n)). with IN>(STHDN3(n)). 


Figure 6: A comparative analysis of the Nirmala indices between 
the THDN3[n| and STHDN3\|n] networks, where 4 < n < 20. 


In the depiction of the plots, we have taken into account the three 
viewpoints and obtained the following outcomes. 


(I) In the first approach, we have drawn a comparative plot for each of the 
Nirmala indices individually between a hex-derived network and its 
corresponding subdivision for all our considered hex-derived networks 
in Figures 5 to 8, and hence we conclude the followings: 


(i) for the hex-derived network of third type: 
N(HDN3[n}) < N(SHDN3[n)), 
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IN,(HDN3\|n]) < IN\(SHDN3[n]) and 
IN2(HDN3[n]) < INo(SHDN3[n]), where 4 < n < 20, 


for the triangular hex-derived network of third type: 
N(THDN3[n]) < N(STHDN3[n}), 

IN| (THDN3[n]) < IN{(STHDN3[n]) and 

INo(THDN3[n]) < INo(STHDN3[n]), where 4 < n < 20, 


(iii) for the rectangular hex-derived network of third type: 
N(RHDN3[n]) < N(SRHDN3(n]), 
IN,(RHDN3|n]) < IN{(SRHDN3(n]) and 
IN>(RHDN3|n]) < INo(SRHDN3\n]), where 4 < n < 20, 


(iv) for the chain hex-derived network of third type: 
N(CHDN3(n]) < N(SCHDN3[n)), 

IN,(CHDN3[n}) < INi(SCHDN3[n}) and 
IN2(CHDN3[n]) < INo(SCHDN3I[n]), where 2 < n < 20. 


(ii 
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Figure 7: A comparative analysis of the Nirmala indices between 
the RHDN3[n] and SRHDN3(n] networks, where 4 < n < 20. 
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Figure 8: A comparative analysis of the Nirmala indices between 
the CHDN3[n] and SCHDN3[n| networks, where 2 < n < 20. 
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Figure 9: Plot of the Nirmala indices for the HDN3[n] and SHDN3[n| 
networks. 
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Figure 10: Plot of the Nirmala indices for the THDN3[n| and STHDN3([n| 
networks. 


(II) In the second strategy, we plot all the Nirmala indices in a single frame 
by considering each of the hex-derived and their subdivided networks, 
one by one in Figures 9 to 12, and the outcomes are as follows: 


(i) for the hex-derived and subdivided hex-derived networks 
of third type: 
IN,(HDN3[n}) < INo(HDN3[n}) < N(HDN3In]), 
where 4 <n < 20 and 
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IN| (SHDN3[n]) < INo(SHDN3[n]) < N(SHDN3{[n)), 
where 3 <n < 20, 


(ii) for the triangular hex-derived and subdivided triangular 
hex-derived networks of third type: 
IN| (THDN3[n]) < INo( THDN3[n]) < N(THDN3[n)), 
where 4 <n < 20 and 
IN| (STHDN3[n\) < INo(STHDN3[n|) < N(STHDN3{n)), 
where 4 <n < 20, 


(iii) for the rectangular hex-derived and subdivided rectan- 
gular hex-derived networks of third type: 
IN| (RHDN3|[n]) < INo(RHDN3[n]) < N(RHDN3I{n)), 
where 4 <n < 20 and 
IN| (SRHDN3(n]) < INo(SRHDN3[n]) < N(SRHDN3[n)), 
where 3 <n < 20, 
(iv) for the chain hex-derived and subdivided chain hex- 
derived networks of third type: 
IN\(CHDN3[n]) < INo(CHDN3[n]) < N(CHDN3[n)), 
where 2 <n < 20 and 
IN, (SCHDN3|n]) < INo(SCHDN3[n|) < N(SCHDN3[n)), 
where 2 <n < 20. 
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Figure 11: Plot of the Nirmala indices for the RHDN3[n| and SRHDN3(n| 
networks. 
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Figure 12: Plot of the Nirmala indices for the CHDN3{n] and SCHDN3([n| 


networks. 
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Figure 13: Graphical illustration of the Nirmala index for the hex-derived 
and subdivided hex-derived networks of third type, where 4 < n < 20. 


(III) In the last and final approach, we portray the Nirmala index for 
all considered hex-derived networks of type three in one frame and 
subdivided hex-derived networks of type three in another frame. We 
perform the same for the first inverse Nirmala index and the second 
inverse Nirmala index, respectively. See Figures 13 to 15, respectively 
and we have the following observations: 
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Figure 14: Graphical illustration of the first inverse Nirmala index for the hex- 
derived and subdivided hex-derived networks of third type, where 4 < n < 20. 
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(b) Comparative plot of the second inverse 
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Figure 15: Graphical illustration of the second inverse Nirmala index for the 
hex-derived and subdivided hex-derived networks of third type, where 4 < 


n < 20. 


(i) Comparison of the Nirmala index: 
N(CHDN3[n]) < N( THDN3[n]) < N(RHDN3[n)) 
< N(HDN3[n}), where 4 <n < 20 and 
N(SCHDN3[n}) < N(STHDN3[n]) < N(SRHDN3(n]) 
< M(SHDN3[n]), where 4 <n < 20, 
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(ii) Comparison of the first inverse Nirmala index: 
IN;(CHDN3(n]) < IN,(THDN3{n}) < IN,(RHDN3{n)) 
< IN;(HDN3|n]), where 4 <n < 20 and 
IN,(SCHDN3\n]) < IN\(STHDN3|n]) < IN(SRHDN3(n]) 
< IN; (SHDN3[n]), where 4 < n < 20, 


(iii) Comparison of the second inverse Nirmala index: 
IN>(CHDN3(n]) < INo( THDN3{n}) < INo(RHDN3(n)) 
< INo(HDN3|n]), where 4 <n < 20 and 
IN>(SCHDN3\n]) < IN>(STHDN3\n]) < INo(SRHDN3\(n]) 
< INo(SHDNB8[n]), where 4 < n < 20. 


6 Conclusions 


In this article, we have considered different hex-derived networks of type 
three: HDN3[n|, THDN3|n|, RHDN3[n|, CHDN3\|n], and their subdivisions 
SHDN3|n|, STHDN3(n|, SRHDN3|n], SCHDN3([n| networks, respectively. 
We first calculated the Nirmala indices for the studied hex-derived networks 
and their associated subdivisions by their standard degree-dependent math- 
ematical formulas. Afterward, by recollecting the M-polynomial expressions 
of the concede networks, we evaluated the Nirmala indices using their M- 
polynomial based derivation formulas. It is evident that the M-polynomial 
formulas approach to determine the Nirmala indices make the process simple 
than calculating them using the degree-dependent mathematical formulas. 

Further, we can observe that the graph of the Nirmala indices for the 
HDN3(n\, SHDN3[n], THDN3[n|, STHDN3([n|, RHDN3(n| and SRHDN3(n!| 
networks have a curved shape because the expression of the Nirmala indices 
for these structures is in quadratic form. Whereas, the graph of the Nirmala 
indices for the CHDN3[n] and SCHDN3|n] networks is in the form of a 
straight line, i.e., they increase linearly because the Nirmala indices for 
both of these structures have linear expressions. These structural variations 
arise due to the dependency of the indices on the vertices and edges of 
the structure. 

At last, we can conclude that the values of the Nirmala indices for 
the hex-derived networks are always lesser than those of their concerned 
subdivided hex-derived networks. Additionally, when we plotted all the 
Nirmala indices for each of the individual hex-derived and subdivided hex- 
derived networks, we found the relation IN, < IN < N. Finally, another 
intriguing result we obtained here is that when we depicted each of the 
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Nirmala indices for all considered hex-derived networks of type three in one 
frame and subdivided hex-derived networks of type three in another frame, 
the values of the each of the Nirmala indices are in the order: CHDN3|n] < 
THDN3|[n| < RHDN3\{n| < HDN3{n] for the hex-derived networks, and 
SCHDN3|n| < STHDN3|n] < SRHDN3|n] < SHDN3(n| for the subdivided 
hex-derived networks. 
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